Birkhoff and Peressini proved that if (A",?r) is a complete metrizable topological vector lattice, a sequence converges for the topology 5 iff the sequence relatively uniformly star converges. The above assumption of lattice structure is unnecessary. A necessary and sufficient condition for the conclusion is that the positive cone be closed, normal, and generating. If, moreover, the space (X, ?T) is locally convex, Namioka [11, Theorem 5.4] has shown that 5" coincides with the order bound topology % and Gordon [4, Corollary, p. 423] (assuming lattice structure and local convexity) shows that metric convergence coincides with relative uniform star convergence. Omitting the assumptions of lattice structure and local convexity of (X, 9") it is shown for the nonnecessarily local convex topology 5"^ that ?Tb C Sm = ÍT and % = %m = ?Twhen (X,?>) is locally convex.
1. Introduction. The first of the two main results of this paper is a sharpening of a theorem of Birkhoff [1, Theorem 20, p . 370] and Peressini [12, Proposition 2.4, p. 162] which says that if (X,5) is a complete metrizable topological vector lattice, then a sequence (xn) in X converges to x0 in X for 5if and only if (xn) relatively uniformly *-converges to x0. The cone of positive elements of a topological vector lattice is closed, normal, and generating. We drop the irrelevant assumption of lattice structure and show that in a complete metrizable vector space ordered by a closed cone convergence in the metric topology is equivalent to relative uniform star convergence if and only if the cone is normal and generating. Klee [8] , [11, Theorem 5.3] has shown that a closed cone in a complete metric space is generating if and only if it gives an open decomposition. We use this to prove that a closed cone in a complete metric space is generating iff metric convergence implies relative uniform star convergence of sequences. The second main result, Theorem 1.4, gives necessary and sufficient conditions for order star convergence to be equivalent to metric convergence.
The convergence theorems are then interpreted in terms of comparisons of the metric topology 5 with the order bound topology 5b, the relative uniform topology 5m, and the order topology 50. Theorems 1.2, 3.4, and 3.5, and Corollary 3.7 of this paper provide improvements or supplements to results of Gordon [4, Corollary, p . 423], Namioka [11, Theorem 5.4] , and Carter and Ceitlin [2] , [3] , respectively.
First we generalize the notion of relative uniform convergence so as to apply to ordered vector spaces which are not lattices. Definition 1.1. A sequence (xn) in an ordered vector space (X,K) (where K is the cone of positive elements) is relatively uniformly convergent to x (xn -^™> x) iff there exists a decreasing sequence (Xn ) of real numbers with infA" = 0 and an element z G K such that -X"z < x" -x < X"z for n n ^ n ^ n n = 1, 2, ..., (xn) relatively uniformly *-converges to x0 iff each subsequence of (xn) contains a subsequence which is relatively uniformly convergent to x (x" ^ru*> x). Theorem 1.2. Let (X,5) be a complete, metrizable topological vector space ordered by a T-closed cone K. The following statements are equivalent:
(1) K is generating and normal.
(2) For each sequence (xn) C X and x G X, xn -*J x iff xn -»'*" ' x.
A notion of convergence of sequences closely related to that of relative uniform convergence is order convergence. Definition 1.3. Let (X,K) be an ordered vector space. A sequence (xn) G X order converges to x G X (xn ->° x or xn (o)-converges to x) iff there exists a decreasing sequence yn C K such that inf^n = 0 (yn i 0) and -yn < xn -x ^ yn, n = 1, 2, ...; a sequence (xn) G K order star converges to x G X (xn ->*° ' x or xn (o*)-converges to x) iff each subsequence of (xn) contains a subsequence which order converges to x.
It can be shown that our definition of order convergence agrees with that of Vulikh [13, p. 27], i.e., xn ->° x iff there exist sequences (un) and (vn) such that un is decreasing with x = inf un, vn is increasing with x = sup vn, and vn < xn < un, n = 1, 2, -Clearly, if the ordering of a vector space is Archimedean, relative uniform convergence of a sequence implies order convergence of a sequence. Our second main result, Theorem 1.4 below, parallels the first. Theorem 1.4. Let (X, 5) be a complete, metrizable topological vector space ordered by a cone K. The following statements are equivalent:
(1) K is 5-closed, generating, 5-normal and (X,5) has property (A) (i.e., if zn is decreasing and inf zn = 0 then zn ->J 9).
(2) For each sequence (xn) C X and x G X, xn -*J x iff xn -»(° ' x.
The Banach space / , with its usual topology, ordered by the Lorentzian cone [12, p. 12] K = fx = (xn) E /2|0 < xx and 2 x\ < x\\ provides an example of an ordered topological vector space which is not a lattice and yet whose cone K is closed, normal, and generating. The space (/ ,K) even has property (A) [10] so Theorems 1.2 and 1.4 apply to spaces which are not lattices. If (X, 5 ) has property (A) and the cone is 5-normal, then for each sequence (xn) E X and x E X, xn ->'° ' x implies xn ->J x.
Proof. It will suffice to show that if xn -h>(™** 9, then xn ->°J 9. If this fails, then let xn -vru ' 9 and xn ■*> 9. Since the cone is ?T-normal, there is a full neighborhood U of 9 and a subsequence (yk) of (xn) such that^ G U for each k. Since xn ->'ru ' 9 there is a subsequence (yk) of (yk) for which yk ->^ru' 9.
Hence there exists an element z E X and a sequence (X¡) of real numbers decreasing to 0 with -X¡z < yk < X¡z for each /". Since \¡z -»J f?, for sufficiently large i0, -X¡ z and X¡ z are elements of U, and thus yk, E U since Uis full, but this contradicts the choice of (yk). The proof of the last statement of the proposition follows the outline of the proof of the first statement in an obvious manner.
The proof of (1') => (2) below is close to that of Peressini [ (1) K is generating.
(2) For each sequence (xn) EX and x E X, xn -* x implies xn -^ru ' x. If, moreover, X has property (A), then the following is also equivalent to each of (1) and (2) We first show (1') => (2). Let d be an invariant metric for 6J [7, p. 48] . It will suffice to show that if d(xn,9) -> 0 then xn ->(ru*) 9. Let (yk) be a subsequence of (x"). Now d(yk,9) -+k 9. Define U,■ = {x E X\d(x,9) < I/i3},i = 1, 2,.... Then for each i, K D U¡ -K P\ (7( is a neighborhood of 9, so there is a subsequence (z¡) of (yk) such that zJ■ E K n Ut■ -K D U¡, i = 1, 2, .... Write z( = w( -y. with u¡, v¡ E K n í^ for each /'. Hence d(u¡,9) < l//3 and d(v¡,9) < 1/73 for each i. Using the invariance of d and induction one has that d(iu,,0) < id(Uj,9) < \/i2, and similarly, d(iv¡,0) < l/.'2 for each i. The sequence {2/=i 'tyj/L] is Cauchy, since for / > m, i/( 2 «*«,•, 2 '"", ) < 2 -3-Define wx = 2/11 »«,-and w2 = 2/Íi fy-Since the cone AT is closed, iu¡ < wx and ty < w2 for each /'. Hence 0 < m,-< (l//')w, and 0 < k,-< (lA')w2 for each /. Therefore, -(l/l )(W, + W2) < W,--Vj = z¡ < (l//)(w, + w2)
for each i so z¿ ->(ru) 0 and hence xn -*^u ' 0.
(2) => (1'). We argue by contradiction. Suppose (2) holds and that there exists a neighborhood U of 9 such that K <~) U -K n t/ is not a 5-neighborhood of 9. Then there exists a sequence (xn) C X with xn -»J 9 and xn £ A" n U -K n (7 for each «. By (2) there is a subsequence (yk) of (xn) and an element z G A" such that -(\/k)z < _yfc < (1/A:)z for each &. Let (l/&)z -yk = Pk for each £• Now Pk ~*? ^ and 0A)Z ~* # and vfc = (1/â:)z -pk with (\/k)z,pk G K for each /c. Thus for sufficiently large k0, (l/k0)z G U and /?fc G U, so yk GKDU-KnU, which is a contradiction.
Even without property (A) we have that (2) implies (3) since a closed cone provides an Archimedean order. Assuming that X has property (A) the proof that (3) =* (1') parallels that of (2) => (1') with (ru*)-convergence replaced by (o*)-convergence and (Xkz) replaced by a sequence (zn) with (zn) [ 9. Proof of Theorem 1.2. The implication (1) => (2) of Theorem 1.2 is given by Lemmas 2.1 and 2.2. We now show that (2) => (1) in Theorem 2.1. Because of Lemma 2.2 it will suffice to show that the cone K is ?T-normal. Let (xn) and (yn) be sequences in X such that 0 < xn < yn and yn ->J 9. The normality of K will follow if it is shown that xn -£ 9. We show that xn ->(ru*) 9. Let (xn ) be a subsequence of (xn). Then (y ) is a subsequence of (yn) and, hence, yn -> 9. Applying (2) to (y"k) there is a subsequence (y"k) of (y ) for which yn ->(m> 9. Hence there is a sequence (X¡) of positive real numbers decreasing to 0 and an element z G K such that -\¡z < yn < X¡z for each i. Hence, -\x < 9 < x"ki < ynki < \.z for each / so x ^(ru) 9. Hence x" ^(rui) 0, so by (2), xn -»* 9. Therefore K is ÍT-normal.
Proof of Theorem 1.4. The proof of (1) => (2) is given by Lemmas 2.1 and 2.2. We now show (2) => (1). We first show that the cone K is iF-closed. So suppose that (xn) G K and xn ->5x G X. By (2), xn -^(o*^ x, so (xn) has a subsequence (xn ) such that xn ^°' x. Hence there is a sequence (yk) G X with yk i x and 0 < xn < yk for each k. It follows that x = infyk > 0, so x G A" and thus K is ^-closed. Next we observe that (2) 
implies that X has
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use property (A), for if yn j 9 then yn ^>(o*) 9, so by (2), yn -** 9. That (2) implies K is generating is given by Lemma 2.2. Finally, the proof that (2) implies K is normal parallels that of the proof of Theorem 1.2 with (ru*)-convergence replaced by (o*)-convergence and the sequence (\¡z) by a sequence (z¡) E K with (z¡) I 9.
3. Applications to comparison of topologies. Following Luxemburg and Zaanen [9, p. 84] and Vulikh [13, p. 33] (using sequences instead of nets) we define three distinct order topologies.
Definition 3.1. Let X be an ordered vector space. A subset F of X is (ru)-closed ((o)-closed) iff for each (xn) E F such that xn -+*"*' x E X (xn -»*0' x E X), we have x E F. The (ru)-closed sets are the closed sets of a topology for X called the relatively uniform topology which we denote by 5m. The (o)-closed sets are the closed sets of a topology, for X, the order topology, which we denote by 50. When the ordering is Archimedean it is clear that 50 E 5m. Let 5b denote the order bound topology for A'. It is a locally convex topology which has as a local base the collection of all convex, balanced sets each of which absorbs each order bounded subset of A'. It follows from Gordon [4, Corollary 3.5] that 5X} E 5m.
A proof of (2) Properties (i), (ii), and (iii) also hold for (ru)-convergence in Archimedean ordered vector spaces. Thus the same proof which yields (2) also gives (1) and we have the following theorem. closed, x E F. Thus F is íTru-closed. The proof that 5 E 50 is similar.
In the following theorem the conclusion that 5b C 9" is due to Namioka [11, Theorem 5.4] . Theorem 3.4 . Let (X,5) be a complete, metrizable topological vector space ordered by a 5-closed cone K. Then K is generating iff5m E 5. Thus, since both 50 and 5b are subsets of 5TU, it follows that 50 and 5b are contained in 5 when K is generating.
Proof. If K is generating and F is ?rru-closed, and (xn) E F, and xn -*■ x, then by Lemma 2.2, x ->Jru x. Since F is 5-closed, x E F. Thus F is 5"-closed.
-V ^r
Conversely, suppose 5fU E 5. Then xn -> x implies xn -* ra x, so by Theorem 3.2, xn -^ru ' x, so by Lemma 2.2, K is generating. The equivalence of (1) and (5) below is due to Namioka [11, Theorem 5.4 ].
Theorem 3.5. Let (X,5) be a complete, metrizable, topological vector space ordered by a 5-closed cone K. The following statements are equivalent:
(1) K is generating and 5-normal.
(2)5=5IU. (3) 5 E 5Ta and K is generating.
equivalence of (1) and (2) of the corollary was proved earlier by Ceitlin [3] with the same hypothesis as Carter.
